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A subgroup ofH of a groupG is calledss-quasinormally embedded i&

if there exists a subgroup’ of G such thatG = HT and H N T is s-
guasinormally embedded i@. In this paper, we shall obtain some char-
acterizations abouyt-nilpotency of G by assuming that some subgroups of
prime power order of7 aress-quasinormally embedded @.
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1. INTRODUCTION

All groups considered in this paper will be finite. We use conventional notions and
notation, as in Huppert [2]& denotes always a group af@| stands for the order

of G. Let F be a class of groups. We cdfl a formation provided that (i) ifx € F
andH < G, thenG/H € F,and (i) if G/M andG/N are inF, thenG/(MNN)
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is in F for any normal subgroup®/, N of G. A formationF is said to be saturated
if G/®(G) € F implies thatG € F. We say a subgrouff of G has ap-nilpotent
supplement’ in G if G has ap-nilpotent subgroufl” such thatz = HT.

A subgroupH of a groupG is said to bes-quasinormal [12] ir7 if H permutes
with every Sylow subgroup af. From Ballester-Bolinches and Pedraza-Aguilera
[1], we know H is said to bes-quasinormally embedded i@ if for each prime
p dividing |H|, a Sylowp-subgroup ofH is also a Sylowp-subgroup of some-
guasinormal subgroup @f. Obviously,s-quasinormally embedded subgroup is a
generalization og-quasinormal subgroup. Recently, by considering some special
supplemented subgroupsgupplemented subgroups), Wang [21] has given some
characterization theorems for solvable groups and supersolvable groups. Recall
that H is c-supplemented id- if there exists a subgroufi; such thatz = H K,
andH N Ky < Hg, whereHg is the maximal normal subgroup 6f contained
in H. In this case, writingk = HoK; we haveG = HK andH N K = Hg;
of course,H N K is s-quasinormal inG. On the basis of this observation, we now
give the following new concept afs-quasinormally embedded subgroup:

Definition1.1 — A subgroupH of a groupG is calledss-quasinormally em-
bedded inG if there exists a subgroup of G such thatz = HT andH N T is
s-quasinormally embedded @.

Examplel.2 : Supposé&’ = S, the symmetric group of degree 4. Take=<
(34) >. ThenH is ss-quasinormally embedded i@, but nots-quasinormally
embedded irt7.

Examplel.3 : For any simple non-abelian group, there always exists a Sylow
subgroup which iss-quasinormally embedded but nesupplemented.

In the literature, authors usually put the assumptions on either the minimal
subgroups (and cyclic subgroups of order 4 when 2) or the maximal subgroups
of the Sylow subgroups when investigating the structure of a gréupee, for
example, [4, 6, 8, 10, 11, 14, 18, 20, 21, 22, 23]). In present paper, we consider
not only minimal or maximal subgroups of a Sylow subgroup of a group, but also
all possibility order subgroups of a Sylow subgroup. Theilpotency of finite
groups withss-quasinormally embedded primary subgroups is investigated. As
application, we unify and generalize a series of known results.
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2. PRELIMINARIES

Now, we list some basic and known results which will be used below.

Lemma2.1 — ([1], Lemma 1) Suppose thétis s-quasinormally embedded in
a groupG andN is a normal subgroup a@¥. Then

(1) U is s-quasinormally embedded i whenevel/ < H < G.

(2) UN is s-quasinormally embedded i& and UN/N is s-quasinormally
embedded iz /N.

Lemma2.2 — Let H be anss-quasinormally embedded subgroup of a group
G.

(1) If H < L < G, thenH is ss-quasinormally embedded i

(2)If NI GandN < H < G, thenH/N is ss-quasinormally embedded in
G/N.

(3) If H is ar-subgroup andV is a normalr’-subgroup of&, thenH N/N is
ss-quasinormally embedded @& /N .

PrRoOOF: By the hypotheses, there is a subgrdkipf G such thatz = HK
andH N K is s-quasinormally embedded (.

(1) L=LNHK = H(LNK)andHN(LNK) = HNK is s-quasinormally
embedded i, by Lemma 2.1. Hencé/ is ss-quasinormally embedded ih.

(2)G/N = HK/N = H/N-KN/N and(H/N)N(KN/N) = (HNKN)/N
= (H N K)N/N is s-quasinormally embedded i@/N by Lemma 2.1. Hence
H/N is ss-quasinormally embedded @&/ N .

(3) Since (|G : K|,|N|) = 1, N < K. ltis easy to see thati//N =
HN/N-KN/N = HN/N - K/N and(HN/N) N (K/N) = (HN N K)/N =
(H N K)N/N is s-quasinormally embedded (/N by Lemma 2.1. Henc& N/N
is ss-quasinormally embedded @/ N .

Lemma2.3 — LetG be a group ang a prime such that" ™! 1 |G| for some
integern > 1. If (|G|, (p — 1)(p* — 1) -- - (p™ — 1)) = 1, thenG is p-nilpotent.

PROOF: Suppose that the statement is not true and-leée a counterexample
of minimal order. Obviously, every subgroup Gfsatisfies the hypothesis of the
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theorem. The minimal choice @ implies thatG is a minimal nonp-nilpotent
group. By [2, lll, 5.2 and IV, 5.4]G = P x Q is a semidirect product of two
Sylow subgroups. It is easy to see that every proper quotient grogpsatisfies
the hypothesis. Thu®(P) = ®(G) = 1 and soP is an elementary abelian
p-group. SinceNg(P)/Cq(P) is isomorphic to g’-subgroup of AutP) and|
Aut(P)| dividesp™™=1/2(p — 1)(p? — 1) - - - (p" — 1) for |P| < p" , we have
Ng(P)/Cq(P) = 1. This induces that is p-nilpotent by [3, Theorem 10.1.8].
The contradiction completes the proof.

Lemma2.4 — ([8], A, 1.2) LetU, V, andWW be subgroups of a grou@. Then
the following statements are equivalent:

M UNVW = (UNV)UNW).
Q) UV NUW = UV nW).

Lemma2.5 — ([9], Lemma 2.3.) Suppose thAtis s-quasinormal inG, P a
Sylow p-subgroup ofH, wherep is a prime. IfHg = 1, thenP is s-quasinormal
inG.

Lemma2.6 — ([9], Lemma 2.4.) Suppogeis ap-subgroup of= contained in
O,(G). If P is s-quasinormally embedded @, thenP is s-quasinormal irG.

Lemma2.7 — ([5], Lemma A.) If P is ans-quasinormap-subgroup ofG for
some prime, thenNg(P) > OP(G).

Lemma2.8 — ([15], Lemma 2.8.) Led/ be a maximal subgroup @f and P
a normalp-subgroup of7 such thatz = PM, wherep is a prime. TherP N M is
a normal subgroup af.

Lemma2.9 — ([1], Ill, 5.2 and IV, 5.4) Supposé' is a group which is not
p-nilpotent but whose proper subgroups arepatlilpotent. Then

(a) G has a normal Sylow-subgroupP for some primep andG = PQ,
where( is a non-normal cyclig-subgroup for some primg# p.

(b) P/®(P) is a minimal normal subgroup &f/®(P).
(c) The exponent of is p or 4.

Lemma2.10 — ([4], Lemma 2.3) Lep be a prime dividing the order of a group
G with (|G|,p—1) = 1. If G has cyclic Sylowp-subgroups, thetr is p-nilpotent.
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Lemma2.11 — Suppose a subgrouip of a groupG has ap-nilpotent supple-
ment7 in G.

(1) If N <@, thenHN/N has ap-nilpotent supplemerif N/N in G/N;
(2) If H < L < G, thenH has gp-nilpotent supplemerit' N L in L.

Lemma2.12 — Letp be a prime and- a group with(|G|,p—1) = 1. Suppose
that P is a Sylowp-subgroup ofG such that every maximal subgroup Bfhas a
p-nilpotent supplement 7, thenG is p-nilpotent.

PROOF: If p? { |G|, thenG is p-nilpotent by Lemma 2.10. Now we assume
thatp?||G|. Let P; be a maximal subgroup @?. By the hypothesisP; has ap-
nilpotent supplemerk’; in G. Let K, be anormal Halp’-subgroup of<;. Then,
obviously, K,/ is a Hallp’-subgroup ofG. HenceG = PiK; = PiNg(K1y).
We claim thatK,, is normal inG. Indeed, if K,/ is not normal inG, then
PN Ng(Kiy) < P. Itfollows that P has a maximal subgrou, such that? N
Ng(Kiy) < P. ItisclearP; # P». By the hypothesisP, has also @-nilpotent
supplementk, in G. By repeating the above argument, we can find a KHall
subgroupks, of G suchthatt = P, Ky = PaNg(Kay). If p = 2, thenk;,, and
K,y are conjugate ity by applying a deep result of Gross ([5], Main Theorem).
If p > 2, thenG is a soluble group by Feit-Thompson’s Theorem andsp and
K,y are conjugate idr. SinceK,,, is normalized byKs, there exists an element
g € Py such thaty , = Kiyy. ThenG = (PN (Kyy))? = PaNe(Kyy). This
induces that” = PNG = PN P,Ng(Kiy) = Po(PN Ng(Kyy)) = Ps. This
contradiction completes the proof.

3. MAIN RESULTS

Theorem3.1— Let G be a group angh a prime such that|G|, (p — 1)(p? — 1) -
-+ (p™ — 1)) = 1 for some integer. > 1. If there exists a Sylow-subgroupP
of G such that every.-maximal subgrougif existg of P not having ap-nilpotent
supplement iz is ss-quasinormally embedded @, thenG is p-nilpotent.

PROOF : Suppose that the theorem is false andddie a counterexample of
minimal order. We will derive a contradiction in several steps.

(1) G is not a non-abelian simple group.

By Lemma 2.3,p"*!||P| and so there exists a non-identitymaximal sub-
group of P.
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By Lemma 2.12,P has an-maximal subgroupP,, which has ngp-nilpotent
supplement inz. By the hypothesis of the theorem, there is a pemilpotent
subgrougl” of G such thatz = P, T and P, N T'is s-quasinormally embedded in
G. Thus there is an-quasinormal subgroufl” of GG such thatP,, N T' is a Sylow
p-subgroup ofi. SinceK is s-quasinormal in7, we have thaf{ is subnormal in
G. If Gis simple, thenk = 1 or K = G. But the case thak’ = G is impossible,
becauseP, N T is not a Sylowp-subgroup ofG. Thus we haveX = 1 and so
P,NT =1. By Lemma 2.3 is p-nilpotent, a contradiction.

(2) G has a unique minimal normal subgrol¥p MoreoverG/N is p-nilpotent,
and®(G) = 1.

Let N be a minimal normal subgroup 6f. We will considerG /N and show
G/N satisfies the hypothesis of the theorem. Siftes a Sylowp-subgroup of
G, clearly PN/N is a Sylowp-subgroup ofG/N. If |[PN/N| < p", thenG/N
is p-nilpotent by Lemma 2.3. Thus we may suppose {#av/N| > p**t!. Let
M, /N be an-maximal subgroup oPN/N. ThenM, = N(M, N P). Write
P, = M, N P. ltfollowsthatP, "N = M, NnPNN = Pn N is a Sylow
p-subgroup ofN. Sincep™ = |PN/N : M, /N| = |PN : (M, N P)N| = |P:
M, N P| = |P : P,|, P, is an-maximal subgroup of. If P, has ap-nilpotent
supplement inGG, then M,,/N has ap-nilpotent supplement id//N by Lemma
2.11. If P, is ss-quasinormally embedded i@, then there is a subgroup of
G such thatz = P, T and P, N T is s-quasinormally embedded &. Therefor
G/N = M,/N-TN/N = P,N/N-TN/N. Since(|N : P,N\N|,|N : TNN|) =
1,(P,NN)(TNN)=N=NNG = NN (P,T). By Lemma 2.4(P,N) N
(TN) = (P, NT)N. It follows that(P, N/N) N (T'N/N) = (P,NNTN)/N =
(P, NT)N/N. Since(P, N T)N/N is s-quasinormally embedded i&/N by
Lemma 2.1, we havé/, /N is ss-quasinormally embedded @&. ThereforeG /N
satisfies the hypothesis of the theorem. The minimal choice wiElds thatG /N
is p-nilpotent. Since the class of alnilpotent groups is a saturated formation, the
uniqueness ol and the fact tha®(G) = 1 are obvious.

(3) 0 (G) = 1.

If O,y (G) # 1, thenN < O, (G) by step (2). Sinc& /O, (G) = (G/N)
/(Op (G)/N) is p-nilpotent,G is p-nilpotent, a contradiction.

4) 0,(G) = 1.

If O,(G) # 1, step (3) yields thalv < O0,(G) and®(0,(G)) < ¢(G) = 1.
Therefore,G has a maximal subgrouf/ such thatG = M N andG/N = M is
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p-nilpotent. By Lemma 2.80,,(G) N M is normal inG. Then the uniqueness of
N yields N = O,(G). Let P, be an arbitrary maximal subgroup 6 We will
prove thatP; has ap-nilpotent supplement ix. Take an-maximal P, of P such
that P, < P;. If P, has ap-nilpotent supplement i+, obviously P, has also
ap-nilpotent supplement id:. Thus we may assume th&}, is ss-quasinormally
embedded id7. Then there is a subgroupof G such thatz = P, T andP,NT'is
s-quasinormally embedded . Hence there is ag-quasinormal subgroufi” of
G such thatP,, N T is a Sylowp-subgroup ofK. If Kg # 1, thenN < K < K.
It follows that N < P, NT < P; and soG = NM = P M, i.e., P has the
p-nilpotent supplemend/. Now we supposdi; = 1. By Lemma 2.5, N T
is s-quasinormal inG. From Lemma 2.7 we hav@?(G) < N¢(P, N T). Since
P, NT is subnormal inG, P, N T < O,(G) = N by [15, Corollary 1.10.17].
Thus,P, N T < PPNNandP,NT < (P, NT)¢ = (P, NT)°"(OF =
(P,NT)Y < (PLNN)Y = PPNnN < N. ltfollows that(P, N T)% = 1
or(P,NT)Y = P NN =N. If(P,nT) =1, thenP, NT = 1 and so
|T|, = p". HenceT is p-nilpotent by Lemma 2.3. It follows thaP; has the
p-nilpotent supplement”. If (P, N T)G = P NN = N, thenN < P, and
so P, has thep-nilpotent supplement/. The arbitrary choice of; implies that
every maximal subgroup aP has ap-nilpotent supplement id-, thereforeG is
p-nilpotent by Lemma 2.12, a contradiction.

(5) N is notp-nilpotent.

AssumeN is p-nilpotent and letV,, be the normap-complement ofV. Since
Ny Char N < G, we haveN,y < G and soN,y < Oy (G) = 1 by step (3). It
follows thatN is ap-group. ThenV < O,(G) = 1 by step (4), a contradiction.

(6)G = NP.

If NP < G, then N P satisfies the hypothesis of the theorem. The minimal
choice ofG yields thatV is p-nilpotent, which contradicts step (5).

(7) G has a Halp’-subgroup and any two Hall-subgroups o7 are conjugate
inG.

If NnP < ®(P), thenN is p-nilpotent by J. Tate’s Theorem ([2], IV, 4.7),
a contradiction. Therefore, there is a maximal subgrBumf P such thatP =
(N N P)P;. We take an-maximal subgroug,, of P such thatP,, < P;. First we
showG has a Halp'-subgroup. IfP, has g-nilpotent supplement i, obviously
G has a Halp'-subgroup. Thus we may assuiigis ss-quasinormally embedded
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in G. Then there is a subgrodp of G such thatG = P,T and P, N T is s-
guasinormally embedded . Thus there is an-quasinormal subgrouft’ of G
such thatP, N7 is a Sylowp-subgroup ofK. If K # 1,thenN < K < K and
soP,NTNN = P,NN is a Sylowp-subgroup ofV. We knowP, "N < PNN
and P N N is a Sylowp-subgroup ofN, soP, N N = P n N. Consequently,
P=(NnP)P, =(P,NN)P, = Py, acontradiction. Therefore we may assume
thatKg = 1. By Lemma 2.5P, N T is s-quasinormal irG and soP,, N T' < <G.
HenceP, NT < O,(G) = 1. Since|T|, = p™, T is p-nilpotent by Lemma 2.3.
Let T,y be the normap-complement ofl’. ThenT,, is a Hallp’-subgroups of5.

If pis odd, then is solvable by Feit-Thompson’s Theorem, contrary to steps (3)
and (4). Thup = 2. By applying a deep result of Gross ([5], main Theorem), any
two Hall p’-subgroups of7 are conjugate iid.

(8) The final contradiction.

By step (7),G has a Hallp’-subgroup. By step (6), we may suppose that

N has a Hallp’-subgroupV,,. By Frattini's argument(y = NNg(N,) = (PN
N)N,Ng(Ny) = (PNN)Ng(N,) and soaP = PNG = PN(PNN)Ng(Ny) =
(PN N)(PNNg(Ny)). SinceNg(Ny) < G, PN Ng(Ny) < P. We take a
maximal subgrougP; of P such that? N Ng(N,) < Pi. ThenP = (PN N)P;.
Pick an-maximal subgroug?,, of P contained inP;. We will show P,, has ap-
nilpotent supplement it. We may assume th&i, is ss-quasinormally embedded
in G. Then there is a subgroudp of G such thatG = P,T and P, N T is s-
quasinormally embedded (i. Therefore there is ag-quasinormal subgrouf’
of G such thatP,, N7 is a Sylowp-subgroup of. If Ko # 1,thenN < Kg < K
and soP,N"TNN = P,NN is a Sylowp-subgroup ofV. We knowP,\N < PNN
and P N N is a Sylowp-subgroup ofN, soP, N N = P N N. Consequently,
P = (NnP)P, = (P,NN)P, = P, acontradiction. Therefor&s = 1. By
Lemma 2.5P, NT is s-quasinormal inG and soP, N T <1 <G. HenceP, N T <
O,(G) = 1. Itfollows that|T'|, = p". By Lemma 2.3 is p-nilpotent. LetT,, be
the normalp-complement off", thenT), is a Hall p’-subgroup ofG. By step (7),
T,y andN,, are conjugate ii7. SinceT), is normalized byrl’, there existg € P,
such thatl’y = N,,. HenceG = (P,T)? = P, T9 = P,Ng(T%) = P,Na(Ny)
andP = PNG = PN P,Ng(Ny) = P,(PNNg(Ny)) < Py, acontradiction.

Theorem3.2— Letp be a prime andF a saturated formation containing all
p-nilpotent groups. Suppose thatis a group with(|G|, (p — 1)(p?> — 1) - - - (p" —
1)) = 1 for some integer, > 1. ThenG € F if and only if G has a normal
subgroupE such thatG/E € F and E has a Sylow-subgroupP such that every
n-maximal subgrougif existg of P not having ap-nilpotent supplement it is
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ss-quasinormally embedded @.

PROOF: The necessity is obvious. We need only to prove the sufficiency.
Suppose that the assertion is not true and-die a counterexample of minimal
order. By Lemma 2.2, every-maximal subgroup of’ not having ap-nilpotent
supplement inG is ss-quasinormally embedded ii. Hence by Theorem 3.
is p-nilpotent. ObviouslyE' # G. LetT be a normal Halp’-subgroup ofE’. Now
we divide the proof into the following steps:

()T =1,andsoP = F 4G.

Assume thafl” # 1. SinceT is a normal Hallp’-subgroup ofF andE < G,
we havel < G. We claim thatz /T (with respect taF /T') satisfies the hypothesis
of the theorem. In fact(G/T")/(E/T) = G/E € F and E/T is ap-group.
Suppose thad/,, /T is an-maximal subgroup oP7'/T which has ng-nilpotent
supplement inG/T and P, = M, N P. ThenP, is an-maximal subgroup of
P and M, = P,T. By the hypothesispP, is ss-quasinormally embedded id.
By Lemma 2.2,M,,/T = P,T/T is ss-quasinormally embedded i@/7". The
minimal choice ofG implies thatG /T € F. Itis easy to see tha&t¥ € F from [7,
Proposition IV. 3.11], a contradiction. HenZe= 1 and soP = F < G.

(2) Suppose tha®) is a Sylowg-subgroup ofZ, wheregq is a prime divisor of
|G| andq # p, thenPQ = P x Q.

By (1), P = E < G. ThusPQ is a subgroup of5y. Obviously by Lemma
2.2, everyn- maximal subgroup of’ not having g-nilpotent supplement i@
is ss-quasinormally embedded Q. Hence by Theorem 3.1, we have tiia® is
p-nilpotent. It follows that) < PQ and soPQ = P x Q.

(3) Final contradiction.

Let H be an arbitrary non-identity normal subgroup®fcontained inP and
G a Sylowp-subgroup ofG. By (2), we haveH (@ = H x @ for any Sylow
g-subgroup ofG with ¢ # p. This induces thaO?(G) < Cq(H) and[H,G] =
[H,G,0P(G)] = [H,Gp] < G. We claimthalH, G,| < H. Indeed, if(H,G,] =
H, then for any non-negative integerd = [H,Gp, - - -,G,] < G;“, where the
number ofG), in [H, G\, ---, G, ist, which contradicts [7, Theorem A.10.3]. Thus
[H,G,] < H and consequently there exists a normal subgrsupf G such that
H/K is a chief factor of5 and[H, G)] < K. Thisimpliesthat{ /K < Z(G/K).
Then sinceG/P € F, we obtain thatz € F. The final contradiction completes
the proof.
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Theorem3.3— Let G be a group ang a prime such that|G|, (p — 1)(p* —
1)---(p™—1)) = 1 for some integen > 1. Assume that one of the following
conditions is satisfied:

(a) eitherp is odd orn > 2, and for every subgrou@l of G with |H| = p",
either H has ap-nilpotent supplement itv, or H is ss-quasinormally embedded
in G;

(b) p =2 andn = 1, and for every subgroufy of G with |H| = 2 or 4, either
H has ap-nilpotent supplement iv, or H is ss-quasinormally embedded .
ThenG is p-nilpotent.

PROOF : Suppose that the statement is false andidie a counterexample
of minimal order. Therp"*!||G| by Lemma 2.3. We proceed the proof by the
following steps.

(1) Every proper subgroup @f is p-nilpotent.

Let L be a proper subgroup ¢f. Then(|L|, (p—1)(p?> —1)---(p" —1)) = 1.
If p»*1 ¢ |LJ, then by Lemma 2.3, is p-nilpotent. Now assume that*!||L|. Let
H be a subgroup of. with orderp™ (whenp is odd orn > 2), or with order2 or
4 (whenp = 2 andn = 1). Then by the hypothesid] either has a-nilpotent
supplement inG or H is ss-quasinormally embedded . By Lemmas 2.11 and
2.2, H has gp-nilpotent supplement ifh or ss-quasinormally embedded in This
shows thatl, satisfies our hypothesis. The minimal choicelbfmplies thatl is
p-nilpotent.

(2) From Lemma 2.9¢: has the following properties:

() G = PQ, whereP is a normal Sylowp-subgroup ofG and @ is a non-
normal cyclic Sylowg-subgroup of7; (i) P/®(P) is a minimal normal subgroup
of G/®(P); (iii) If p > 2, then the exponent a? is p; if p = 2, then the exponent
of Pis2or4.

(3) P is not cyclic.
If P is cyclic, thenG is p-nilpotent by Lemma 2.10, a contradiction.

(4) Supposdd < P with |[H| = p™ (or |H| = 2 or4 whenp = 2 andn = 1),
thenH is s-quasinormal inG.

Let T" be any supplement off in G. ThenG = HT andP = PN G =
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PNHT = H(PNT). SinceP/®(P) is abelian, we haveP N T)®(P)/P(P) <
G/®(P). SinceP/®(P) is a minimal normal subgroup @ /®(P), PNT <
®(P)orP=(PNT)®(P)= PnNT forsome supplemert. If PNT < ®(P),
thenH = P < G. In this case,H is s-quasinormal inGG. Now assume that
P = PnNT forany supplemenf’. ThenT = G is the unique supplement &f in
G. By the hypothesisH is ss-quasinormally embedded @&. SinceT = G is not
p-nilpotent by the minimal choice a, we haveH = H N T is s-quasinormally
embedded iriz. Note that < P < O,(G), it follows thatH is s-quasinormal in
G by Lemma 2.6.

(5) Final contradiction.

Step (2)(iii) implies thatP is generated by elementsof orderp or 4, and it
suffices to show that each such elememormalizes). Note that|P| > p"*!
by Lemma 2.3, and suppose first that eitheis odd orn > 2. Then each of
the generators is contained in a subgroufd of orderp™, and H < P, so H
normalizes@®. It follows that@ is normal inG, a contradiction. We may now
suppose that = 2 andn = 1, and|P| > 22. If |P| > 4, then each generataris
contained in a subgroufl of order 4, and agaif < P, so H normalizesq). If
|P| = 4, then step (3) implies tha? is generated by subgroupt of order 2, and
H normalizes) as before.

Corollary 3.4 — LetG be a group ang a prime such that|G|, (p — 1)(p* —
1)---(p™ —1)) = 1 for some integen > 1. Assume that one of the following
conditions is satisfied:

(a) eitherp is odd orn > 2, and for every subgroufy of G with 1 < |H| <
p"T1, either H has ap-nilpotent supplement i/, or H is ss-quasinormally em-
bedded inG;

(b) p = 2 andn = 1, and for every subgrouff of G with |H| = 2 or 4, either
H has gp-nilpotent supplement it¥, or H is ss-quasinormally embedded .

ThenG is p-nilpotent.
Theorem3.5— Letp be a prime andF a saturated formation containing ai
nilpotent groups. Suppose thatis a group with(|G|, (p—1)(p?—1)---(p"—1)) =

1 for some integer. > 1 and G has a normal subgrou@’ such thatG/E € F.
ThenG € F if and only if one of the following conditions is satisfied:

(a) eitherp is odd orn > 2, and for every subgrou@/ of £ with 1 < |H| <
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p" T, either H has ap-nilpotent supplement i6, or H is ss-quasinormally em-
bedded inG;

(b) p = 2andn = 1, and for every subgroufy of E with |H| = 2 or 4, either
H has ap-nilpotent supplement iv, or H is ss-quasinormally embedded @.

PROOF: The necessity part is obvious. We need only to prove the sufficiency
part. Suppose that the statement is false an@ le¢ a counter example of minimal
order. Obviously(|E|,(p — 1)(p* — 1) - - - (p" — 1)) = 1 and eitherH has a
p-nilpotent supplement ik by Lemma 2.11 o is ss-quasinormally embedded
in £ by Lemma 2.2. Now, Corollary 3.4 implies thatis p-nilpotent. LetP be a
Sylow p-subgroup off andT" a normal Hallp’-subgroup of£’. ThenT is normal
in G. We now proceed to prove the theorem via the following steps.

Q) T =1.

If T # 1, then we first claim that /T ( with respect toE /T ) satisfies the
hypothesis of the theorem. In fa¢tz/T")/(E/T) = G/E € F. Let N/T be an
arbitrary subgroup of2 /T with 1 < |N/T| < p"*! or |[N/T| = 2 or 4 (when
p =2andn = 1). ThenN = [T]|L, whereL is a Sylowp-subgroup ofN. Thus,
1 < |L| <p™!tor|L| =2or4(whemp = 2 andn = 1). By the hypothesis, either
L has gp-nilpotent supplement iF or L is ss-quasinormally embedded @. This
means that eitheN /T = T'L /T has ap-nilpotent supplement i/ /T by Lemma
2.11 orN/T is ss-quasinormally embedded /7 by Lemma 2.2. Hence? /T
satisfies the hypothesis. The minimal choic&amplies thatG /T € F. Itis easy
to see that? € F from [7, Proposition IV. 3.11], a contradiction.

(2) Suppose thap is a Sylowg-subgroup of=, whereq = p is a prime divisor
of |G|. ThenPQ = P x Q.

By step (1),P = E < G. Hence,PQ is a subgroup of7. Obviously, for
every subgrougd of PQ with 1 < |H| < p"*! or |H| = 2 or 4 (whenp = 2
andn = 1), eitherH has ap-nilpotent supplement i*QQ by Lemma 2.11 o is
ss-quasinormally embedded iRQ by Lemma 2.2. Hence by Corollary 3.2Q
is p-nilpotent. It follows that) < PQ and soPQ = P x Q.

(3) Final contradiction.

Let M be an arbitrary non-identity normal subgroup®tontained inP and
G, a Sylow p-subgroup ofG. By step (2), we havél/QQ = M x @ for any
Sylow g-subgroup ofG. This induces thaO?(G) < Cq(M) and [M,G] =
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[M,G,0P(G)] = [M,G,] <G. Since[M,G,] < M, there exists a normal sub-
groupN of G such thatM/ /N is a chief factor ofz and[M, G] < N. This implies
thatM//N < Z(G/N). Let f be the full and integrated formation function such
that7 = LF(f). ThenG/Cq(M/N) =1 € f(p). The arbitrary choice of/
implies that there exists a normal chain@fcontained inP such that every chief
factor M /N is f-central. It follows thatG € F, a contradiction.

4., SOME APPLICATIONS

Corollary 4.1 — (][9], Theorem 3.1) Let be a prime dividing the order of a group
G with (|G|,p—1) = 1. If there exists a Sylow-subgroupP of G such that every
maximal subgroup oP is s-quasinormally embedded @, thenG is p-nilpotent.

Corollary 4.2 — ([10], Theorem 3.1) Let be the smallest prime dividing the
order of a group. If there exists a Sylow-subgroupP of G such that every
maximal subgroup oP is s-quasinormally embedded @, thenG is p-nilpotent.

Corollary 4.3 — ([13], Theorem 3.4) Let be the smallest prime dividing the
order of a group. If there exists a Sylow-subgroupP of G such that every
maximal subgroup oP is c-normal inG, thenG is p-nilpotent.

Corollary 4.4 — ([4], Theorem 3.1) LeP be a Sylowp-subgroup of a group
G, wherep is a prime divisor of|lG| with (|G|,p — 1) = 1. If every maximal
subgroup ofP is eitherc-normal ors-quasinormally embedded i@, thenG is
p-nilpotent.

Corollary 4.5 — ([14], Theorem 3.1) LeP be a Sylowp-subgroup of a group
G, wherep is a prime divisor oflG| with (|G|,p — 1) = 1. If every maximal
subgroup ofP is c-supplemented i, thenG is p-nilpotent.

Corollary 4.6 — ([17], Theorem 3.2) Leti be a group and® a Sylow p-
subgroup ofG, wherep is the smallest prime dividing~|. If all maximal sub-
groups ofP arec-supplemented id7, thenG is p-nilpotent.

Corollary 4.7 — ([3], Theorem 3.1) Lep be a prime dividing the order of a
group G with (|G|,p — 1) = 1. Suppose that every maximal subgroupfois
c-supplemented i6F andG € C,y, thenG /O, (G) is p-nilpotent and= € D,y .

Corollary 4.8 — ([16], Theorem 3.1) Let be a prime dividing the order of a
groupG with (|G|,p — 1) = 1. Assume tha#{ is a normal subgroup af such
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thatGG/ H is p-nilpotent. If there exists a Sylop+subgroupP of H such that every
maximal subgroup oP is c¢*-normal inG, thenG is p-nilpotent.

Corollary 4.9 — ([19], Theorem 2.3) Let be the smallest prime dividing the
order of a grouggy and N a normal subgroup af such thatz /N is p-nilpotent. If
every cyclic subgroup of prime order or ordeof N is c-supplemented id7, then
G is p-nilpotent.

Corollary 4.10 — ([20], Lemma 3.8) Leb be the smallest prime dividing the
order of a groups. If every cyclic subgroup of prime order or ordérof G is
c-normal inG, thend is p-nilpotent.

Corollary 4.11 — ([9], Theorem 4.1) Lep be a prime dividing the order of
a groupG with (|G|,p — 1) = 1 and N a normal subgroup o such that
G/N is p-nilpotent. If every cyclic subgroup of prime order or ordeof N is
s-quasinormally embedded @, thenG is p-nilpotent.

Corollary 4.12 — ([21], Theorem 3.1) Let be a group ang a prime of|G|
such that |G|, p? — 1) = 1. Thend is p-nilpotent if and only if there exists a
normal subgrou of G such that7/ E is p-nilpotent and each subgroup Bfof
orderp? has gp-nilpotent quotient-supplement @.

Corollary 4.13 — ([21], Theorem 3.3) Leff be a group and|G|,21) = 1.
Thend is 2-nilpotent if and only if each subgroup 6f of order8 has a2-nilpotent
guotient-supplement i&r.

Corollary 4.14 — ([9], Theorem 3.5) Lef be a group and|G|,21) = 1. If
each subgroup af of order8 is complemented id7, thenG is 2-nilpotent.

Corollary 4.15 — ([22], Theorem 3.1) Le% be a group ang a prime of|G|
such that (G|, p*> — 1) = 1. If there exists a normal subgroup of G' such that
G/ E is p-nilpotent and each subgroup &f of orderp? is complemented irG,
thend is 2-nilpotent.
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