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A subgroup ofH of a groupG is calledss-quasinormally embedded inG
if there exists a subgroupT of G such thatG = HT and H ∩ T is s-
quasinormally embedded inG. In this paper, we shall obtain some char-
acterizations aboutp-nilpotency ofG by assuming that some subgroups of
prime power order ofG aress-quasinormally embedded inG.
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1. INTRODUCTION

All groups considered in this paper will be finite. We use conventional notions and
notation, as in Huppert [2].G denotes always a group and|G| stands for the order
of G. LetF be a class of groups. We callF a formation provided that (i) ifG ∈ F
andH E G, thenG/H ∈ F , and (ii) if G/M andG/N are inF , thenG/(M ∩N)

1The project is supported by the Natural Science Foundation of China (No:11071229) and the
Natural Science Foundation of the Jiangsu Higher Education Institutions (No:10KJD110004).
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is inF for any normal subgroupsM,N of G. A formationF is said to be saturated
if G/Φ(G) ∈ F implies thatG ∈ F . We say a subgroupH of G has ap-nilpotent
supplementT in G if G has ap-nilpotent subgroupT such thatG = HT .

A subgroupH of a groupG is said to bes-quasinormal [12] inG if H permutes
with every Sylow subgroup ofG. From Ballester-Bolinches and Pedraza-Aguilera
[1], we knowH is said to bes-quasinormally embedded inG if for each prime
p dividing |H|, a Sylowp-subgroup ofH is also a Sylowp-subgroup of somes-
quasinormal subgroup ofG. Obviously,s-quasinormally embedded subgroup is a
generalization ofs-quasinormal subgroup. Recently, by considering some special
supplemented subgroups (c-supplemented subgroups), Wang [21] has given some
characterization theorems for solvable groups and supersolvable groups. Recall
thatH is c-supplemented inG if there exists a subgroupK1 such thatG = HK1

andH ∩ K1 ≤ HG, whereHG is the maximal normal subgroup ofG contained
in H. In this case, writingK = HGK1 we haveG = HK andH ∩ K = HG;
of course,H ∩K is s-quasinormal inG. On the basis of this observation, we now
give the following new concept ofss-quasinormally embedded subgroup:

Definition1.1 — A subgroupH of a groupG is calledss-quasinormally em-
bedded inG if there exists a subgroupT of G such thatG = HT andH ∩ T is
s-quasinormally embedded inG.

Example1.2 : SupposeG = S4, the symmetric group of degree 4. TakeH =<
(34) >. ThenH is ss-quasinormally embedded inG, but nots-quasinormally
embedded inG.

Example1.3 : For any simple non-abelian group, there always exists a Sylow
subgroup which isss-quasinormally embedded but notc-supplemented.

In the literature, authors usually put the assumptions on either the minimal
subgroups (and cyclic subgroups of order 4 whenp = 2) or the maximal subgroups
of the Sylow subgroups when investigating the structure of a groupG (see, for
example, [4, 6, 8, 10, 11, 14, 18, 20, 21, 22, 23]). In present paper, we consider
not only minimal or maximal subgroups of a Sylow subgroup of a group, but also
all possibility order subgroups of a Sylow subgroup. Thep-nilpotency of finite
groups withss-quasinormally embedded primary subgroups is investigated. As
application, we unify and generalize a series of known results.



FINITE GROUPS WITH SOME PRIMARY SUBGROUPS 293

2. PRELIMINARIES

Now, we list some basic and known results which will be used below.

Lemma2.1 — ([1], Lemma 1) Suppose thatU is s-quasinormally embedded in
a groupG andN is a normal subgroup ofG. Then

(1) U is s-quasinormally embedded inH wheneverU ≤ H ≤ G.

(2) UN is s-quasinormally embedded inG and UN/N is s-quasinormally
embedded inG/N .

Lemma2.2 — LetH be anss-quasinormally embedded subgroup of a group
G.

(1) If H ≤ L ≤ G, thenH is ss-quasinormally embedded inL.

(2) If N £ G andN ≤ H ≤ G, thenH/N is ss-quasinormally embedded in
G/N .

(3) If H is aπ-subgroup andN is a normalπ′-subgroup ofG, thenHN/N is
ss-quasinormally embedded inG/N .

PROOF : By the hypotheses, there is a subgroupK of G such thatG = HK
andH ∩K is s-quasinormally embedded inG.

(1) L = L∩HK = H(L∩K) andH ∩ (L∩K) = H ∩K is s-quasinormally
embedded inL by Lemma 2.1. HenceH is ss-quasinormally embedded inL.

(2) G/N = HK/N = H/N ·KN/N and(H/N)∩(KN/N) = (H∩KN)/N
= (H ∩ K)N/N is s-quasinormally embedded inG/N by Lemma 2.1. Hence
H/N is ss-quasinormally embedded inG/N .

(3) Since (|G : K|, |N |) = 1, N ≤ K. It is easy to see thatG/N =
HN/N ·KN/N = HN/N ·K/N and(HN/N) ∩ (K/N) = (HN ∩K)/N =
(H ∩K)N/N iss-quasinormally embedded inG/N by Lemma 2.1. HenceHN/N
is ss-quasinormally embedded inG/N .

Lemma2.3 — LetG be a group andp a prime such thatpn+1 - |G| for some
integern > 1. If (|G|, (p− 1)(p2 − 1) · · · (pn − 1)) = 1, thenG is p-nilpotent.

PROOF : Suppose that the statement is not true and letG be a counterexample
of minimal order. Obviously, every subgroup ofG satisfies the hypothesis of the
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theorem. The minimal choice ofG implies thatG is a minimal non-p-nilpotent
group. By [2, III, 5.2 and IV, 5.4],G = P o Q is a semidirect product of two
Sylow subgroups. It is easy to see that every proper quotient group ofG satisfies
the hypothesis. ThusΦ(P ) = Φ(G) = 1 and soP is an elementary abelian
p-group. SinceNG(P )/CG(P ) is isomorphic to ap′-subgroup of Aut(P ) and |
Aut(P )| dividespn(n−1)/2(p − 1)(p2 − 1) · · · (pn − 1) for |P | 6 pn , we have
NG(P )/CG(P ) = 1. This induces thatG is p-nilpotent by [3, Theorem 10.1.8].
The contradiction completes the proof.

Lemma2.4 — ([8], A, 1.2) LetU, V, andW be subgroups of a groupG. Then
the following statements are equivalent:

(1) U ∩ V W = (U ∩ V )(U ∩W ).

(2) UV ∩ UW = U(V ∩W ).

Lemma2.5 — ([9], Lemma 2.3.) Suppose thatH is s-quasinormal inG, P a
Sylow p-subgroup ofH, wherep is a prime. IfHG = 1, thenP is s-quasinormal
in G.

Lemma2.6 — ([9], Lemma 2.4.) SupposeP is ap-subgroup ofG contained in
Op(G). If P is s-quasinormally embedded inG, thenP is s-quasinormal inG.

Lemma2.7 — ([5], Lemma A.) IfP is ans-quasinormalp-subgroup ofG for
some primep, thenNG(P ) ≥ Op(G).

Lemma2.8 — ([15], Lemma 2.8.) LetM be a maximal subgroup ofG andP
a normalp-subgroup ofG such thatG = PM , wherep is a prime. ThenP ∩M is
a normal subgroup ofG.

Lemma2.9 — ([1], III, 5.2 and IV, 5.4) SupposeG is a group which is not
p-nilpotent but whose proper subgroups are allp-nilpotent. Then

(a) G has a normal Sylowp-subgroupP for some primep andG = PQ,
whereQ is a non-normal cyclicq-subgroup for some primeq 6= p.

(b) P/Φ(P ) is a minimal normal subgroup ofG/Φ(P ).

(c) The exponent ofP is p or 4.

Lemma2.10 — ([4], Lemma 2.3) Letp be a prime dividing the order of a group
G with (|G|, p− 1) = 1. If G has cyclic Sylowp-subgroups, thenG is p-nilpotent.
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Lemma2.11 — Suppose a subgroupH of a groupG has ap-nilpotent supple-
mentT in G.

(1) If N £ G, thenHN/N has ap-nilpotent supplementTN/N in G/N ;

(2) If H ≤ L ≤ G, thenH has ap-nilpotent supplementT ∩ L in L.

Lemma2.12 — Letp be a prime andG a group with(|G|, p−1) = 1. Suppose
thatP is a Sylowp-subgroup ofG such that every maximal subgroup ofP has a
p-nilpotent supplement inG, thenG is p-nilpotent.

PROOF : If p2 - |G|, thenG is p-nilpotent by Lemma 2.10. Now we assume
thatp2||G|. Let P1 be a maximal subgroup ofP . By the hypothesis,P1 has ap-
nilpotent supplementK1 in G. LetK1p′ be a normal Hallp′-subgroup ofK1. Then,
obviously,K1p′ is a Hallp′-subgroup ofG. HenceG = P1K1 = P1NG(K1p′).
We claim thatK1p′ is normal inG. Indeed, ifK1p′ is not normal inG, then
P ∩NG(K1p′) < P . It follows thatP has a maximal subgroupP2 such thatP ∩
NG(K1p′) ≤ P2. It is clearP1 6= P2. By the hypothesis,P2 has also ap-nilpotent
supplementK2 in G. By repeating the above argument, we can find a Hallp′-
subgroupK2p′ of G such thatG = P2K2 = P2NG(K2p′). If p = 2, thenK1p′ and
K2p′ are conjugate inG by applying a deep result of Gross ([5], Main Theorem).
If p > 2, thenG is a soluble group by Feit-Thompson’s Theorem and soK1p′ and
K2p′ are conjugate inG. SinceK2p′ is normalized byK2, there exists an element
g ∈ P2 such thatKg

2p′ = K1p′ . ThenG = (P2NG(K2p′))g = P2NG(K1p′). This
induces thatP = P ∩ G = P ∩ P2NG(K1p′) = P2(P ∩NG(K1p′)) = P2. This
contradiction completes the proof.

3. MAIN RESULTS

Theorem3.1— LetG be a group andp a prime such that(|G|, (p− 1)(p2 − 1) ·
· · (pn − 1)) = 1 for some integern > 1. If there exists a Sylowp-subgroupP
of G such that everyn-maximal subgroup(if exists) of P not having ap-nilpotent
supplement inG is ss-quasinormally embedded inG, thenG is p-nilpotent.

PROOF : Suppose that the theorem is false and letG be a counterexample of
minimal order. We will derive a contradiction in several steps.

(1) G is not a non-abelian simple group.

By Lemma 2.3,pn+1||P | and so there exists a non-identityn-maximal sub-
group ofP .
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By Lemma 2.12,P has an-maximal subgroupPn which has nop-nilpotent
supplement inG. By the hypothesis of the theorem, there is a non-p-nilpotent
subgroupT of G such thatG = PnT andPn ∩ T is s-quasinormally embedded in
G. Thus there is ans-quasinormal subgroupK of G such thatPn ∩ T is a Sylow
p-subgroup ofK. SinceK is s-quasinormal inG, we have thatK is subnormal in
G. If G is simple, thenK = 1 or K = G. But the case thatK = G is impossible,
becausePn ∩ T is not a Sylowp-subgroup ofG. Thus we haveK = 1 and so
Pn ∩ T = 1. By Lemma 2.3,T is p-nilpotent, a contradiction.

(2)G has a unique minimal normal subgroupN . MoreoverG/N isp-nilpotent,
andΦ(G) = 1.

Let N be a minimal normal subgroup ofG. We will considerG/N and show
G/N satisfies the hypothesis of the theorem. SinceP is a Sylowp-subgroup of
G, clearlyPN/N is a Sylowp-subgroup ofG/N . If |PN/N | 6 pn, thenG/N
is p-nilpotent by Lemma 2.3. Thus we may suppose that|PN/N | > pn+1. Let
Mn/N be an-maximal subgroup ofPN/N . ThenMn = N(Mn ∩ P ). Write
Pn = Mn ∩ P . It follows thatPn ∩ N = Mn ∩ P ∩ N = P ∩ N is a Sylow
p-subgroup ofN . Sincepn = |PN/N : Mn/N | = |PN : (Mn ∩ P )N | = |P :
Mn ∩ P | = |P : Pn|, Pn is an-maximal subgroup ofP . If Pn has ap-nilpotent
supplement inG, thenMn/N has ap-nilpotent supplement inG/N by Lemma
2.11. If Pn is ss-quasinormally embedded inG, then there is a subgroupT of
G such thatG = PnT andPn ∩ T is s-quasinormally embedded inG. Therefor
G/N = Mn/N ·TN/N = PnN/N ·TN/N . Since(|N : Pn∩N |, |N : T ∩N |) =
1, (Pn ∩ N)(T ∩ N) = N = N ∩ G = N ∩ (PnT ). By Lemma 2.4,(PnN) ∩
(TN) = (Pn ∩ T )N . It follows that(PnN/N)∩ (TN/N) = (PnN ∩ TN)/N =
(Pn ∩ T )N/N . Since(Pn ∩ T )N/N is s-quasinormally embedded inG/N by
Lemma 2.1, we haveMn/N is ss-quasinormally embedded inG. ThereforeG/N
satisfies the hypothesis of the theorem. The minimal choice ofG yields thatG/N
is p-nilpotent. Since the class of allp-nilpotent groups is a saturated formation, the
uniqueness ofN and the fact thatΦ(G) = 1 are obvious.

(3) Op′(G) = 1.

If Op′(G) 6= 1, thenN ≤ Op′(G) by step (2). SinceG/Op′(G) ∼= (G/N)
/(Op′(G)/N) is p-nilpotent,G is p-nilpotent, a contradiction.

(4) Op(G) = 1.

If Op(G) 6= 1, step (3) yields thatN ≤ Op(G) andΦ(Op(G)) ≤ Φ(G) = 1.
Therefore,G has a maximal subgroupM such thatG = MN andG/N ∼= M is



FINITE GROUPS WITH SOME PRIMARY SUBGROUPS 297

p-nilpotent. By Lemma 2.8,Op(G) ∩M is normal inG. Then the uniqueness of
N yieldsN = Op(G). Let P1 be an arbitrary maximal subgroup ofP . We will
prove thatP1 has ap-nilpotent supplement inG. Take an-maximalPn of P such
that Pn ≤ P1. If Pn has ap-nilpotent supplement inG, obviouslyP1 has also
a p-nilpotent supplement inG. Thus we may assume thatPn is ss-quasinormally
embedded inG. Then there is a subgroupT of G such thatG = PnT andPn∩T is
s-quasinormally embedded inG. Hence there is ans-quasinormal subgroupK of
G such thatPn ∩ T is a Sylowp-subgroup ofK. If KG 6= 1, thenN ≤ KG ≤ K.
It follows that N ≤ Pn ∩ T ≤ P1 and soG = NM = P1M , i.e., P1 has the
p-nilpotent supplementM . Now we supposeKG = 1. By Lemma 2.5,Pn ∩ T
is s-quasinormal inG. From Lemma 2.7 we haveOp(G) ≤ NG(Pn ∩ T ). Since
Pn ∩ T is subnormal inG, Pn ∩ T ≤ Op(G) = N by [15, Corollary 1.10.17].
Thus, Pn ∩ T ≤ P1 ∩ N and Pn ∩ T ≤ (Pn ∩ T )G = (Pn ∩ T )Op(G)P =
(Pn ∩ T )P ≤ (P1 ∩ N)P = P1 ∩ N ≤ N . It follows that (Pn ∩ T )G = 1
or (Pn ∩ T )G = P1 ∩ N = N . If (Pn ∩ T )G = 1, thenPn ∩ T = 1 and so
|T |p = pn. HenceT is p-nilpotent by Lemma 2.3. It follows thatP1 has the
p-nilpotent supplementT . If (Pn ∩ T )G = P1 ∩ N = N , thenN ≤ P1 and
soP1 has thep-nilpotent supplementM . The arbitrary choice ofP1 implies that
every maximal subgroup ofP has ap-nilpotent supplement inG, thereforeG is
p-nilpotent by Lemma 2.12, a contradiction.

(5) N is notp-nilpotent.

AssumeN is p-nilpotent and letNp′ be the normalp-complement ofN . Since
Np′ Char N £ G, we haveNp′ £ G and soNp′ ≤ Op′(G) = 1 by step (3). It
follows thatN is ap-group. ThenN ≤ Op(G) = 1 by step (4), a contradiction.

(6) G = NP .

If NP < G, thenNP satisfies the hypothesis of the theorem. The minimal
choice ofG yields thatN is p-nilpotent, which contradicts step (5).

(7) G has a Hallp′-subgroup and any two Hallp′-subgroups ofG are conjugate
in G.

If N ∩ P ≤ Φ(P ), thenN is p-nilpotent by J. Tate’s Theorem ([2], IV, 4.7),
a contradiction. Therefore, there is a maximal subgroupP1 of P such thatP =
(N ∩ P )P1. We take an-maximal subgroupPn of P such thatPn ≤ P1. First we
showG has a Hallp′-subgroup. IfPn has ap-nilpotent supplement inG, obviously
G has a Hallp′-subgroup. Thus we may assumePn is ss-quasinormally embedded
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in G. Then there is a subgroupT of G such thatG = PnT andPn ∩ T is s-
quasinormally embedded inG. Thus there is ans-quasinormal subgroupK of G
such thatPn∩T is a Sylowp-subgroup ofK. If KG 6= 1, thenN ≤ KG ≤ K and
soPn∩T ∩N = Pn∩N is a Sylowp-subgroup ofN . We knowPn∩N ≤ P ∩N
andP ∩ N is a Sylowp-subgroup ofN , soPn ∩ N = P ∩ N . Consequently,
P = (N ∩P )P1 = (Pn ∩N)P1 = P1, a contradiction. Therefore we may assume
thatKG = 1. By Lemma 2.5,Pn ∩ T is s-quasinormal inG and soPn ∩ T ¢ ¢G.
HencePn ∩ T ≤ Op(G) = 1. Since|T |p = pn, T is p-nilpotent by Lemma 2.3.
Let Tp′ be the normalp-complement ofT . ThenTp′ is a Hallp′-subgroups ofG.
If p is odd, thenG is solvable by Feit-Thompson’s Theorem, contrary to steps (3)
and (4). Thusp = 2. By applying a deep result of Gross ([5], main Theorem), any
two Hall p′-subgroups ofG are conjugate inG.

(8) The final contradiction.

By step (7),G has a Hallp′-subgroup. By step (6), we may suppose that
N has a Hallp′-subgroupNp′ . By Frattini’s argument,G = NNG(Np′) = (P ∩
N)Np′NG(Np′) = (P∩N)NG(Np′) and soP = P∩G = P∩(P∩N)NG(Np′) =
(P ∩ N)(P ∩ NG(Np′)). SinceNG(Np′) < G, P ∩ NG(Np′) < P . We take a
maximal subgroupP1 of P such thatP ∩NG(Np′) ≤ P1. ThenP = (P ∩N)P1.
Pick an-maximal subgroupPn of P contained inP1. We will showPn has ap-
nilpotent supplement inG. We may assume thatPn is ss-quasinormally embedded
in G. Then there is a subgroupT of G such thatG = PnT andPn ∩ T is s-
quasinormally embedded inG. Therefore there is ans-quasinormal subgroupK
of G such thatPn∩T is a Sylowp-subgroup ofK. If KG 6= 1, thenN ≤ KG ≤ K
and soPn∩T∩N = Pn∩N is a Sylowp-subgroup ofN . We knowPn∩N ≤ P∩N
andP ∩ N is a Sylowp-subgroup ofN , soPn ∩ N = P ∩ N . Consequently,
P = (N ∩ P )P1 = (Pn ∩ N)P1 = P1, a contradiction. ThereforeKG = 1. By
Lemma 2.5,Pn ∩ T is s-quasinormal inG and soPn ∩ T ¢ ¢G. HencePn ∩ T ≤
Op(G) = 1. It follows that|T |p = pn. By Lemma 2.3,T is p-nilpotent. LetTp′ be
the normalp-complement ofT , thenTp′ is a Hallp′-subgroup ofG. By step (7),
Tp′ andNp′ are conjugate inG. SinceTp′ is normalized byT , there existsg ∈ Pn

such thatT g
p′ = Np′ . HenceG = (PnT )g = PnT g = PnNG(T g

p′) = PnNG(Np′)
andP = P ∩G = P ∩ PnNG(Np′) = Pn(P ∩NG(Np′)) ≤ P1, a contradiction.

Theorem3.2 — Let p be a prime andF a saturated formation containing all
p-nilpotent groups. Suppose thatG is a group with(|G|, (p− 1)(p2− 1) · · · (pn−
1)) = 1 for some integern > 1. ThenG ∈ F if and only if G has a normal
subgroupE such thatG/E ∈ F andE has a Sylowp-subgroupP such that every
n-maximal subgroup(if exists) of P not having ap-nilpotent supplement inG is
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ss-quasinormally embedded inG.

PROOF : The necessity is obvious. We need only to prove the sufficiency.
Suppose that the assertion is not true and letG be a counterexample of minimal
order. By Lemma 2.2, everyn-maximal subgroup ofP not having ap-nilpotent
supplement inG is ss-quasinormally embedded inE. Hence by Theorem 3.1,E
is p-nilpotent. ObviouslyE 6= G. Let T be a normal Hallp′-subgroup ofE. Now
we divide the proof into the following steps:

(1) T = 1, and soP = E £ G.

Assume thatT 6= 1. SinceT is a normal Hallp′-subgroup ofE andE £ G,
we haveT £ G. We claim thatG/T (with respect toE/T ) satisfies the hypothesis
of the theorem. In fact,(G/T )/(E/T ) ∼= G/E ∈ F and E/T is a p-group.
Suppose thatMn/T is an-maximal subgroup ofPT/T which has nop-nilpotent
supplement inG/T andPn = Mn ∩ P . ThenPn is a n-maximal subgroup of
P andMn = PnT . By the hypothesis,Pn is ss-quasinormally embedded inG.
By Lemma 2.2,Mn/T = PnT/T is ss-quasinormally embedded inG/T . The
minimal choice ofG implies thatG/T ∈ F . It is easy to see thatG ∈ F from [7,
Proposition IV. 3.11], a contradiction. HenceT = 1 and soP = E £ G.

(2) Suppose thatQ is a Sylowq-subgroup ofG, whereq is a prime divisor of
|G| andq 6= p, thenPQ = P ×Q.

By (1), P = E £ G. ThusPQ is a subgroup ofG. Obviously by Lemma
2.2, everyn- maximal subgroup ofP not having ap-nilpotent supplement inPQ
is ss-quasinormally embedded inPQ. Hence by Theorem 3.1, we have thatPQ is
p-nilpotent. It follows thatQ £ PQ and soPQ = P ×Q.

(3) Final contradiction.

Let H be an arbitrary non-identity normal subgroup ofG contained inP and
Gp a Sylowp-subgroup ofG. By (2), we haveHQ = H × Q for any Sylow
q-subgroup ofG with q 6= p. This induces thatOp(G) ≤ CG(H) and[H, G] =
[H,GpO

p(G)] = [H, Gp] £ G. We claim that[H,Gp] < H. Indeed, if[H, Gp] =
H, then for any non-negative integert, H = [H,Gp, · · ·, Gp] ≤ Gt+1

p , where the
number ofGp in [H, Gp, · · ·, Gp] is t, which contradicts [7, Theorem A.10.3]. Thus
[H,Gp] < H and consequently there exists a normal subgroupK of G such that
H/K is a chief factor ofG and[H, Gp] ≤ K. This implies thatH/K ≤ Z(G/K).
Then sinceG/P ∈ F , we obtain thatG ∈ F . The final contradiction completes
the proof.
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Theorem3.3— Let G be a group andp a prime such that(|G|, (p − 1)(p2 −
1) · · · (pn − 1)) = 1 for some integern > 1. Assume that one of the following
conditions is satisfied:

(a) eitherp is odd orn > 2, and for every subgroupH of G with |H| = pn,
eitherH has ap-nilpotent supplement inG, or H is ss-quasinormally embedded
in G;

(b) p = 2 andn = 1, and for every subgroupH of G with |H| = 2 or 4, either
H has ap-nilpotent supplement inG, or H is ss-quasinormally embedded inG.
ThenG is p-nilpotent.

PROOF : Suppose that the statement is false and letG be a counterexample
of minimal order. Thenpn+1||G| by Lemma 2.3. We proceed the proof by the
following steps.

(1) Every proper subgroup ofG is p-nilpotent.

Let L be a proper subgroup ofG. Then(|L|, (p− 1)(p2− 1) · · · (pn− 1)) = 1.
If pn+1 - |L|, then by Lemma 2.3,L is p-nilpotent. Now assume thatpn+1||L|. Let
H be a subgroup ofL with orderpn (whenp is odd orn ≥ 2), or with order2 or
4 (whenp = 2 andn = 1). Then by the hypothesis,H either has ap-nilpotent
supplement inG or H is ss-quasinormally embedded inG. By Lemmas 2.11 and
2.2,H has ap-nilpotent supplement inL or ss-quasinormally embedded inL. This
shows thatL satisfies our hypothesis. The minimal choice ofG implies thatL is
p-nilpotent.

(2) From Lemma 2.9,G has the following properties:

(i) G = PQ, whereP is a normal Sylowp-subgroup ofG andQ is a non-
normal cyclic Sylowq-subgroup ofG; (ii) P/Φ(P ) is a minimal normal subgroup
of G/Φ(P ); (iii) If p > 2, then the exponent ofP is p; if p = 2, then the exponent
of P is 2 or 4.

(3) P is not cyclic.

If P is cyclic, thenG is p-nilpotent by Lemma 2.10, a contradiction.

(4) SupposeH ≤ P with |H| = pn (or |H| = 2 or 4 whenp = 2 andn = 1),
thenH is s-quasinormal inG.

Let T be any supplement ofH in G. ThenG = HT andP = P ∩ G =
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P ∩HT = H(P ∩ T ). SinceP/Φ(P ) is abelian, we have(P ∩ T )Φ(P )/Φ(P ) £

G/Φ(P ). SinceP/Φ(P ) is a minimal normal subgroup ofG/Φ(P ), P ∩ T ≤
Φ(P ) or P = (P ∩ T )Φ(P ) = P ∩ T for some supplementT . If P ∩ T ≤ Φ(P ),
then H = P £ G. In this case,H is s-quasinormal inG. Now assume that
P = P ∩ T for any supplementT . ThenT = G is the unique supplement ofH in
G. By the hypothesis,H is ss-quasinormally embedded inG. SinceT = G is not
p-nilpotent by the minimal choice ofG, we haveH = H ∩ T is s-quasinormally
embedded inG. Note thatH ≤ P ≤ Op(G), it follows thatH is s-quasinormal in
G by Lemma 2.6.

(5) Final contradiction.

Step (2)(iii) implies thatP is generated by elementsx of orderp or 4, and it
suffices to show that each such elementx normalizesQ. Note that|P | > pn+1

by Lemma 2.3, and suppose first that eitherp is odd orn > 2. Then each of
the generatorsx is contained in a subgroupH of orderpn, andH < P , so H
normalizesQ. It follows that Q is normal inG, a contradiction. We may now
suppose thatp = 2 andn = 1, and|P | > 22. If |P | > 4, then each generatorx is
contained in a subgroupH of order 4, and againH < P , soH normalizesQ. If
|P | = 4, then step (3) implies thatP is generated by subgroupsH of order 2, and
H normalizesQ as before.

Corollary 3.4 — LetG be a group andp a prime such that(|G|, (p − 1)(p2 −
1) · · · (pn − 1)) = 1 for some integern > 1. Assume that one of the following
conditions is satisfied:

(a) eitherp is odd orn > 2, and for every subgroupH of G with 1 < |H| <
pn+1, eitherH has ap-nilpotent supplement inG, or H is ss-quasinormally em-
bedded inG;

(b) p = 2 andn = 1, and for every subgroupH of G with |H| = 2 or 4, either
H has ap-nilpotent supplement inG, or H is ss-quasinormally embedded inG.

ThenG is p-nilpotent.

Theorem3.5— Letp be a prime andF a saturated formation containing allp-
nilpotent groups. Suppose thatG is a group with(|G|, (p−1)(p2−1)···(pn−1)) =
1 for some integern > 1 andG has a normal subgroupE such thatG/E ∈ F .
ThenG ∈ F if and only if one of the following conditions is satisfied:

(a) eitherp is odd orn > 2, and for every subgroupH of E with 1 < |H| <
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pn+1, eitherH has ap-nilpotent supplement inG, or H is ss-quasinormally em-
bedded inG;

(b) p = 2 andn = 1, and for every subgroupH of E with |H| = 2 or 4, either
H has ap-nilpotent supplement inG, or H is ss-quasinormally embedded inG.

PROOF : The necessity part is obvious. We need only to prove the sufficiency
part. Suppose that the statement is false and letG be a counter example of minimal
order. Obviously,(|E|, (p − 1)(p2 − 1) · · · (pn − 1)) = 1 and eitherH has a
p-nilpotent supplement inE by Lemma 2.11 orH is ss-quasinormally embedded
in E by Lemma 2.2. Now, Corollary 3.4 implies thatE is p-nilpotent. LetP be a
Sylowp-subgroup ofE andT a normal Hallp′-subgroup ofE. ThenT is normal
in G. We now proceed to prove the theorem via the following steps.

(1) T = 1.

If T 6= 1, then we first claim thatG/T ( with respect toE/T ) satisfies the
hypothesis of the theorem. In fact,(G/T )/(E/T ) ∼= G/E ∈ F . Let N/T be an
arbitrary subgroup ofE/T with 1 < |N/T | < pn+1 or |N/T | = 2 or 4 (when
p = 2 andn = 1). ThenN = [T ]L, whereL is a Sylowp-subgroup ofN . Thus,
1 < |L| < pn+1 or |L| = 2 or 4 (whenp = 2 andn = 1). By the hypothesis, either
L has ap-nilpotent supplement inG orL is ss-quasinormally embedded inG. This
means that eitherN/T = TL/T has ap-nilpotent supplement inG/T by Lemma
2.11 orN/T is ss-quasinormally embedded inG/T by Lemma 2.2. Hence,G/T
satisfies the hypothesis. The minimal choice ofG implies thatG/T ∈ F . It is easy
to see thatG ∈ F from [7, Proposition IV. 3.11], a contradiction.

(2) Suppose thatQ is a Sylowq-subgroup ofG, whereq 6= p is a prime divisor
of |G|. ThenPQ = P ×Q.

By step (1),P = E £ G. Hence,PQ is a subgroup ofG. Obviously, for
every subgroupH of PQ with 1 < |H| < pn+1 or |H| = 2 or 4 (whenp = 2
andn = 1), eitherH has ap-nilpotent supplement inPQ by Lemma 2.11 orH is
ss-quasinormally embedded inPQ by Lemma 2.2. Hence by Corollary 3.4,PQ
is p-nilpotent. It follows thatQ £ PQ and soPQ = P ×Q.

(3) Final contradiction.

Let M be an arbitrary non-identity normal subgroup ofG contained inP and
Gp a Sylow p-subgroup ofG. By step (2), we haveMQ = M × Q for any
Sylow q-subgroup ofG. This induces thatOp(G) ≤ CG(M) and [M, G] =



FINITE GROUPS WITH SOME PRIMARY SUBGROUPS 303

[M,GpO
p(G)] = [M, Gp] £ G. Since[M, Gp] < M , there exists a normal sub-

groupN of G such thatM/N is a chief factor ofG and[M, G] ≤ N . This implies
thatM/N ≤ Z(G/N). Let f be the full and integrated formation function such
thatF = LF (f). ThenG/CG(M/N) = 1 ∈ f(p). The arbitrary choice ofM
implies that there exists a normal chain ofG contained inP such that every chief
factorM/N is f -central. It follows thatG ∈ F , a contradiction.

4. SOME APPLICATIONS

Corollary 4.1 — ([9], Theorem 3.1) Letp be a prime dividing the order of a group
G with (|G|, p−1) = 1. If there exists a Sylowp-subgroupP of G such that every
maximal subgroup ofP is s-quasinormally embedded inG, thenG is p-nilpotent.

Corollary 4.2 — ([10], Theorem 3.1) Letp be the smallest prime dividing the
order of a groupG. If there exists a Sylowp-subgroupP of G such that every
maximal subgroup ofP is s-quasinormally embedded inG, thenG is p-nilpotent.

Corollary 4.3 — ([13], Theorem 3.4) Letp be the smallest prime dividing the
order of a groupG. If there exists a Sylowp-subgroupP of G such that every
maximal subgroup ofP is c-normal inG, thenG is p-nilpotent.

Corollary 4.4 — ([4], Theorem 3.1) LetP be a Sylowp-subgroup of a group
G, wherep is a prime divisor of|G| with (|G|, p − 1) = 1. If every maximal
subgroup ofP is eitherc-normal ors-quasinormally embedded inG, thenG is
p-nilpotent.

Corollary 4.5 — ([14], Theorem 3.1) LetP be a Sylowp-subgroup of a group
G, wherep is a prime divisor of|G| with (|G|, p − 1) = 1. If every maximal
subgroup ofP is c-supplemented inG, thenG is p-nilpotent.

Corollary 4.6 — ([17], Theorem 3.2) LetG be a group andP a Sylow p-
subgroup ofG, wherep is the smallest prime dividing|G|. If all maximal sub-
groups ofP arec-supplemented inG, thenG is p-nilpotent.

Corollary 4.7 — ([3], Theorem 3.1) Letp be a prime dividing the order of a
groupG with (|G|, p − 1) = 1. Suppose that every maximal subgroup ofP is
c-supplemented inG andG ∈ Cp′ , thenG/Op(G) is p-nilpotent andG ∈ Dp′ .

Corollary 4.8 — ([16], Theorem 3.1) Letp be a prime dividing the order of a
groupG with (|G|, p − 1) = 1. Assume thatH is a normal subgroup ofG such



304 CHANGWEN LI

thatG/H is p-nilpotent. If there exists a Sylowp-subgroupP of H such that every
maximal subgroup ofP is c∗-normal inG, thenG is p-nilpotent.

Corollary 4.9 — ([19], Theorem 2.3) Letp be the smallest prime dividing the
order of a groupG andN a normal subgroup ofG such thatG/N is p-nilpotent. If
every cyclic subgroup of prime order or order4 of N is c-supplemented inG, then
G is p-nilpotent.

Corollary 4.10 — ([20], Lemma 3.8) Letp be the smallest prime dividing the
order of a groupG. If every cyclic subgroup of prime order or order4 of G is
c-normal inG, thenG is p-nilpotent.

Corollary 4.11 — ([9], Theorem 4.1) Letp be a prime dividing the order of
a groupG with (|G|, p − 1) = 1 and N a normal subgroup ofG such that
G/N is p-nilpotent. If every cyclic subgroup of prime order or order4 of N is
s-quasinormally embedded inG, thenG is p-nilpotent.

Corollary 4.12 — ([21], Theorem 3.1) LetG be a group andp a prime of|G|
such that (|G|, p2 − 1) = 1. ThenG is p-nilpotent if and only if there exists a
normal subgroupE of G such thatG/E is p-nilpotent and each subgroup ofE of
orderp2 has ap-nilpotent quotient-supplement inG.

Corollary 4.13 — ([21], Theorem 3.3) LetG be a group and(|G|, 21) = 1.
ThenG is 2-nilpotent if and only if each subgroup ofG of order8 has a2-nilpotent
quotient-supplement inG.

Corollary 4.14 — ([9], Theorem 3.5) LetG be a group and(|G|, 21) = 1. If
each subgroup ofG of order8 is complemented inG, thenG is 2-nilpotent.

Corollary 4.15 — ([22], Theorem 3.1) LetG be a group andp a prime of|G|
such that (|G|, p2 − 1) = 1. If there exists a normal subgroupE of G such that
G/E is p-nilpotent and each subgroup ofE of orderp2 is complemented inG,
thenG is 2-nilpotent.
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